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ABSTRACT

A model Ie identified whan no eirecturos of the modsl are obeervationally
oquivalent. This motion is closaly related to the ealimability of the
parameter () of the sodel, & palr of sodels i6 distingulichable whan §hera
i st lesst one siructiure of ons of the sodels which e nolt obRervalionally
aquivalent io any structurs of the olher sodel. This nolion {6 closely
relatad Lo Lhea testabllity of ono wodal agminet the other. The paper
discuinet the relationship batwean idantifisbility and distingulahabd lity
anil the ralalionghip of the latiar to oanasled teasling, =odal aalection

anddl sncospasslng,



Introdoct ion.

A model for an observable veariable y 1 parsmetrised by 8. Classical
iparametric) ildeatificetion theory considers whether different valuea of
the parsmeter imply different bBehaviours for y. On this quesiion bturne

the posslibility of inference from y tao @,

There is anather theory, which we call distinguishability theory. ! Thers
are now two, or perhaps more, models for y. Do they imply different
tehaviour for y¥ Are the models distinguishable by relérénca Lo the

behaviour of pP7 ;

The subject of fdentifiability trests the possaible observational
equivalence of different structures within a single model,
digtinguishability treats the possible observeticnsl equivalence of
different models, or more gemarally it claseifies the possible
relationehips between models. Thers are two imporisnt points Lo make
about diatinguishability and fdentifisbility. They are different. They
are also closely relsted. * The purpose of this paper Is to develop these

two podnic.

Identification theory can be iaken &8 & theory of the estimability af
parameters or the testabllity of propositions sbout parameterc and
distinguishability theory cen be Laken #s & theary of model
comparability—aof the possibility of model gelection, non-nested
testing, encompassing, etc. In discuseions of estimstion methods 1L is
peeal Lo ascume that the sodel is identified. Simllarly

distinguishabllity 18 ususlly sssumed in discusaions of specificatlion
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searching fer otherwige there would ba no game—no way of ealecting and
only trivial encompassing. So, amonget Lhe “ragularity conditicna® for
the efficacy of search procedures are alwayé scme conditlions

guarantésing distingulehability. Thess provide the core of the results

of distinguishability thasry.

S& ®uch work has bess done on epecification sesrching that the theory of
distinguighabllity 18 in & state comparable to thal of parsmatric
fdentification theaory. Yet the theory has not Daeen assesbled. ' We aim Lo
do that below. The technical apparatus of distingulshabllity 18 very
similar to that of fdentifisbility and & large part of the paper
(Sectione 2 and 3} e devoted to developing that spparstus. Howewver,
there ara also epecial sopecis of dietinguishability thai meril separate

discussion. Sections 1, 4 and § take up thoRe lssues.

Thia poper ie expoaitary. Much of tha literaturda 18 technical but our
cancern 18 with motivating the concepts rather tham with rigour. Results
are ueually glven without proof so the resl work has beam done
alpewhers, sainly by other hande. This L& an sttampt Lo digest what hes

Den dong,



1. Exsmples.

Hare we digcuss some sltuations im which models are compared and
introduce some termimology. Ow firat axaeple 1a taken From the fleld of
specification searching, appropriately for most of the work on
characterising the ralation Between spacificaiions has been & by-praduct

of ressarch in that field.

a) Consider the cholce belwsan alternative specifications of the demand
equaticn, D and D™

o: Fia t BiaVas ¥ Toa¥oa + Vialas T Wy (1. 12

ar D™ Tra * Bla¥as + Ylalza * Tlates = UY. 01 23

to sccompany the supply equation

EE BaiFus * Fae * Tar¥ra ¥ Yaa¥as ® Haw (1.2

Of such epecifications one asks, are they espirically distingulshable?
1f o, are th-; nested or non-neated? These are actually obeearvationally
aquivalent or indistinguishable. There is no point In Rrylmg Lo use any
of the techniques of (statistical) specification searching to choose
between thea, [n ihe Literature on non-nested testing “contesie® like

this one are wcually ruled out by assumption,

This exanple 1]lustrates the basic polnt that, though dietingulshabllity
belange in the field of identificatlion theory, broadly concedived, the
fdentifiability of the parametere of the models domrs not imply—nor is

it dmplled by— tha dtntln;uinhlhilltj of the model g,

Bf A pew thasry haa Been propounded. What new predictione dose 10 make?
Is it possible to find evidence supporiing 7 Pesaran (1981) considered

a o=



Jhather the Eational Expectatlons Hypothesis 18 testable by conalder ing
uhether there is & mon-HE model that mimics tha behaviour of any glwen
RE model. Thue ho shows that the RE modal

Yaby + Folla * Hel = uy 01, 43
{it is sesumed that sgents perfectly forecsst the exogancus variablest
makes the sape predictions a6 the non-RE modal

T iB, + Bgl + Kol = u,, 1. 5»
The suigtance of Lhle non-HE model 16 o separate quaation (rom that of
the identiffability of the parsmeters of (1.4} although Pasaran
considers thes both under the one heading of tha “idemtification af Lhe

RE modol®.

£] How is an established empirical relationship to be Interpreted in
structural téerme? We consider & simplified versiom of Hendry's (19482
analysin of compeling interpretatlons of an estimated “demand for mangy
f und &L an®

Fa = e T ¥y (1. &3
One intarpretation, the “leedback® interpretation conslders L. 6} &
structural relationship. The ather, Lthe “fesdforward® interpretation
takes It as & relationship derived from the true dessnd for maney
funcilen

¥o = BElxmglTqasl + By o

Thase slternaiives sre “incomplets models”, a8 discussed in Section &
balow Hemdry completes tha models by including & descripilon of the
relationship between x, and Z,., &nd by making scea covarlance
aesupptione. The feedback madel 16 cpecified as



Fa @ YEg T vy

Xy = Mgy + Wy BAd Edigv,) = 0 and Edwez,.,7 = O.
The feedforward mode]l ia apecified as

Vo * BE(ZLIZgg) + Bq

My = MIguy + Wy BN E{RgZoas) = O and EdwyZy- i = O,
These models are distinguishable., The feedback model is nected In bhe
feedforusrd model for the fesdforwsrd model implies the unrestricted
Feduced Torm

¥u = BRIy * By,

- W EEg o, oMy
whila tha feedback model implles

¥a = ¥iTaay + W) + vy,

My ® fily_, + Wy
whers there 16 a restriction Invelving the covariance of the errore and
y. If the fesdforward model has the extrs restriction, Ele.q.-iF = 0,
then the two models are nopn-nested as they Imply differant rectrictions
on the reduced form Hendry calls such restrictions the "encospassing
implicatfons® of the two wodels, although “distinguiching implications®

might ba a mora appropriste term.

d1 Heckman & Singer (1982} give two siructural explanations for &
geomatric distribution of durstlons. The first has no duration
dependence at the individual level and the aeccnd hee duralion
dependence and population heterogeneity. Tha tue modele are
tndiatinguichable. The suthors say “without further ldentifying
informaticn we cannot choose beltween these cbservaticnally equivalent
axplanatfons. ® (p. 48) We would replace fdentifying by distinguishing
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In thess axamples—and others could be added, such as Sargent®s (1976}
comparigcn of Keynesisn and New Claseical modeles or Campbell and
Sniller's (1988} two interpretations of co-integration—substantive
gconcmlc models are compared. Model comparisons arids elsewhere. In a
digcussion of statistical modelling, one might consider the relationship
belwesan gtructural econometric models and time series models or belween

simul tanecua models and recursive modele.

&) Zellner (1975} discussss the relsticnehip betuesn Lhe dynamic
glmultanesous equalions model

BiLrys * MiLixy = ug,
and time f@rles mosels of the form

Biliy, = Wikl
Hig concern uas nat with cbeervaticnal equivalence but rather with
neatedness, Find & tione series model in which tha simultanecus equat iona
modal can be nested and test the restrictions impiied by ithe SEN.
Recently Hendry & Mizom (1590} have made & similar proposal undar the

label “ancgmpasaing the VAR ©

¢) Bosmann {196%) showed that & sipultaneous equatlons model of the form
By, * M'a = Uy  with u,~IN(D, I}

can be writien in the Wold caueally ordered fods
AYs * S = vy, With ve—1H(D, &F

whers A f8 triangulsr snd & is disgonal. So thede eyelens are

obeervatlonally egquivalent,



Identificatlon of & atructure la identification of a structure of & model
there 16 & comparison with other structures. Similarly distinguishability is
nat an intrineic feature of a model, it describes & relationehip between

Mo G

Starting from o model, mew models can be constructed which make fdentical
predictions. For exaspls, tha modal

¥y = XB o+ u, u~Ni{D, 0=}
where ¥ 18 & matrix of known conetants, hac a clone

y = Ty + u, w~Nid,a I}
whera £ =2% and y = W, One might have to work hard to srgus Lhat Lthis
ig an interecting clone, but the Z-model might offer an interesting
rationaligation of the phenomens described by the X-model. Similarly
¢lonas of the mieslbtasecus aguations model

By, + Mg = g,

con be ochialned by multiplying through by s non-singular watrix F.

The poReibility of such alternative rationalications of phenomens may or
aay not be impressive. For exemple, the existance of the mon-RE clone
(1.5} may turn out to be ae uninterssting as minicking the X-model by
the Z-model im 1ikely to prove. The interpretation of the non—RE model
{1.5) has been laft open. For anyone specifying (1. 41, the mast natural
interpretation of (1.5 is that agents have perfect foreslgnt. Ie the
axigtence of @uch a model & threat to the RE hypothesis? Prestom (1978}
conalders how one might eliminste clones using criteris such as

pimpliclty.*



2. Baailc Dietinguishability Theory.

Although identification theory was worked cut in tha 19408, the Lheary
of digtinguishability, such as it i@, has waited forly Eore years. Yet
whan Friech first worried about the &ffect of linesr transformations on
jinear aystess, he was as concerned with the distingulshability of
apecifications a6 with the ldentifiablility of paramaters. ' His
successora inotably Hasvelmo (1944} snd Koopmans &t al (RG5O ) Worrled
almcot swelugivaly about the pesslbility of s clome within & given
modal, i.e aboul fdentificeticn. They daveloped the basic concéple af

jdentifleation and the theory for the simultanecus equations model. ®

Tha agends is to develop distinguishability theary in parallel with
identification theory, After giving the Baslic concepts, ue conelder &
vgeneral® distinguishabllity theory analogous Lo “general® paramairic
tdentification theory with its criteris for identification within a
fairly general model. There are also “sapecial® distinguishablity
theories correcponding to the “special® jdentification theories that
treat eomé epecial model. The best established of these thearlas cowver
the linear regression model and the simultasnscue aguations =odal. we
draw on the firet for examples im this section and conslider the latter

in Section 3.

1. BFagic Concepis.

Fundamental Lo both fdentification theory and distinguishability thaary
i@ the concept of obeervational equivelence, a concepl (though not the
terE’ dus to Hessvelmo (1944}, Supposs that the deneity of y depends on
%, fiy, 8}, & ¢ &, The structure, or psresater value, ¥ le



obsarvat fonally squivelent fo the structure #° ifr

Fiy, BLy = fiyp, %) with probability 1.
The structwre #% i globally identified 170 there 18 no paint in & ta
which 8% {g observatfonally squivalent. The model i& fdentirfied 877 all

ite struclurea mre Identified '

In ﬂiutln!ullhnhillir theory iwo modele, H, and H, are entertaimed
about the distribution of y. Hy states that y hes density fiy, @),

@ & & and Hy states that y has densibty giy, £, & € 3.
nltl:l.nuulqh.l.hlltlp thwory is more complicated than fidentificalion Lheary
for there is more than one posaible ralaticnship betwesn modeles.
Morepver there is no stsndard terminelogy for describlng tha
relaticnshipes batwean Hy and I'I-. Clanslfication echemsg based on e
digtinet principles have been propoRed, one & sei-theoretic and the
ather & distance principle. In this section we follow Vuong' s (1985}
geal-theoretlc claaalfication, while below we congider Pesaran's (QWAT7H

distance=besed clagsdfication,

The mesbels, or eeta of denoities, H, and Hg are :I'nd.h:t.l'ﬂ,g'ﬂﬂl-l'bh whan
for each structure in H, there i& an obaervatlonally eguivalent
structure in Hg and vice versa; so any difference In the hypothases 1o

without observable consequences (for y). Some suthors de g Sergent

(1976} aay that H, and H, are cbeervationally equivalent and oclhers

ie. g. Elandt-Johnson and Johmson! say oimply that they sre equivalent,

There pre sevaral different kindes of distingeisthesble hypotheases, a5 wo
chall call hypotheses that sra nof indistinguichable. ¥ AR one exlreme
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aré hypothesaa that are strictly non-pesied iR Lhat H; apd H, contaim md

ocbeervationally aguivalent atructuras.

Hy and Hg, are averlapping, oar partially non-nectad, whan some but not
all of the structureés in H, have obeervationally sguivelant counterpartc
in H, and some but mot all of the structurés in H, have obsarvationally
equivalent counterparis 1n Hy. When wa rafer io non-nasted hypolhesen

without qualification, we will EESR partially non-nested hypat heses

The renaining possibility fe that Hy 1s nested within Hg all structures
in H, have cbaervatiomslly aguivalent counterparts in Hg and strictly
nested whan in addition some structures im Hy have no cheervationally
equivalent counterpart im He. It 18 tiresoms to kesp wriling Hgtrictly™
and usunlly we will say “nested™ Wien e mean “gtrictly nestad”. This 1s
s sel-theoretic notion of nestedness; thera is no implication that the
nested model cen be approximated arbitrarily closely by elements of the

nesting model.

Ta illustrats thess defimltlons we conslder the pormal linear regression
nodel and some models incpired by the Friedsan-Melselman work on
Keynesian and Monetariet models. The iatter served the aarly literature
ne & paradigm for model comparisons—cf. @.§. Pesaran (1974} and Zellner
;flﬂ?ll- With three verisbles, 11 1s the sinplest set-up thal will cupport an
intereating discuseion. The set-up 16 worked hard and thare are other “FH"

modals i Section 6 balow.



at Tha mor@al Iirsar I'l.EI'l“i'ﬂ'l madals

y = Xf 4+ u, u~H0, o Bl ¥ = Iy + e e~Hido,¥l),
uhipra X and I are matrices of knowm comstants, are IndistinguishabBle 1f
wnd only If 2 = A for aome A &nd X = 7B for sose B. This conditfon can
be written in many different waye, & § that T 01-QXr1Z and X' LI-Q(ZI0X

bath equal the null matrix, whers QO{) = XOX"XI"'K" atc.

If Z°11=Q¢Er]Z i the pull satrix but X'[I-Q2)]A da mot, then ELhe Z-
sodel 1o (strictly} nested im Lhe X=model for the space spanned by the
columng of X conteine the opace spanned by the columas of T If naither
matrix 16 the null satrix, then the models are partiaslly non-nested for
there exlet mean vectors from the X-model Lhat are Iimposcible in the Z-
podel mnd vice vergs, The sedala are not strictly non-nedled Becausse

f=y=0 produces an observaiicnally equivalent pair of structures,

The tdentificatisn reaults for theee models are that & = (f°. o0.%F 18
globally identified 1Ff X hae full rank and § = (y", o ) is globally

fdentified 0ff Z hae Tull rank.

by The firgt pair of FH-inspired mcdels has an uwnrestricted trinormal
distribution with twe structural interpretations. In the Keynecian model
inveatimant i white nolee, there 16 an Investsent sultiplier and the

supply af money 18 determimed by the needs of irade.

la = g,
Yy ® Bile = g4

-.‘ + 'r!|r.|_' LYY



with (dgs Yiwm gyt~ INIO, E), wWhare 9o, = 9ox = 03
In the Mometarist model the money supply le white noles, and it
detersines both lnvesiment and total expenditurs.
1y + BBy B Wag
Fu t BB, & Wi
By ™ Vau
Wil (¥gee Vise Vasl=IN(D, 5}, where 8,z = bea © {H}

Each model 16 identified but Lhéy Bre indigtinguishable

If more coveriance restrictions are imposed, then the nodals becoma
distinguiahable. One possible Keynesisn model has

(Uge, Yyar Yast~~INiD, I}, wWith Og, © Qoa ™ Ta = o
and & poseible Monetarist

(Wgge Yyme Wasld—INLO, 5), with fgy = Bga * Sz © o,
The esslest way to expreas the difference batween the sodels & that in
the Heynesisn madal m 1s independent of 1 glven y whilst In the
Monetarist model 1 16 independant of y given m The models are
aver |apping— becausé both these conditional IRoependance cond it lons

sight hald—though only by having 1, ¥ and B independant.

Had we Lmpoaad only the Heynealan covariance restrictions, then the
Heynesian model would be strictly nested within the Monetaristl sodel. In
s race batween the two models the Keyneslan model could be refuted Ln
the senes thal there are posslble parameter values In Lhe unresltricted
trinormal that are imcompatible with the Keynedlan hypothesas. Howewar
the Keynesisn model 18 pol confirsable for there L6 olways o Monetarist
twin for sny Eeynestan atructure. Of couree the Honatarict model 1o
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1I'II:H|:IIH|!I|I of refulatian—unless the trinormal specification that I
commapn to bobth i overthrosn Bot Lt ie confilrmable Far Lhers are

gtruciures that are unavallable to the Keynenian.

11. ELIC Criteris
The Kullback-Leiblar Information Criterion (ELIC) plays an imporiant
part in investigations relating te observational equivalence. Bouden
11973) supplied a criterion for fdentifiability based on the KLIC
Tpoi; &%), whare

I,08; @%) = En.[logfiy, %) = logfiy, #11.
The most significant proparty of the KLIC 18 that

I, 08 @*) 3 O with equality 17 8 = &%,

i.& the true paramseter value minimises the KLIC.

Bawden'a reault 1a that 8% i globally identified 16f the equation
T,08; B%} = @

has the wnigue solution @ = &°*,

Turning to distingulshability theory, KLIC-based charascterisations of

neatednesa, -, are imnediate ance tha KLIC for distinguiehing s palr of

nodels ie defined. Define the Eullback-Leibler information criteris,

l4o'8" E} and I (k¥ @), for discriminaling between models, where
legif®: E} = Egullogfty, %) - loggly, Ebl.

Tgeib®; 8) = Egulloggdy, E¥} = logfiy, 8)].

48 Lhe ELIC characterications are obvisus, we turn fnstesd to Pesaran'e
(1987 use of Lhe ELIC A & measure of distance * In this schema, Lhe
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primitive concept 18 nestedness, which 1s undérataod in terss of the
closensas of one model to another rather than one modal contalning the
olher. One model 16 pnested within another if every etruclure of the
nestled sodal can be arbitrarily closely spproximated by s struciure of
the nesting model. Thé set-theoretic notlons Ward baped on colncldence
{ar absance of colncidencel of structuras and no usd wad made of any

digtance structura that might be imposed on the space of distributions.

Pesaran introduces the quantity

Co (i®y = Ipflygilid; K}
am E‘ hE ]

to measurs how close Hg 18 to M, at @', For fulure reference Lhe value
of E that minlmises 1, 48% £} is called the pseudo-irie value af § and

will b denoted by EoE*0.

Thi model H, 18 nested within Hg 1f and only 1f
Coglih®*ld = 0
‘for all admissible values of 8°.
This 1e an appesling definition of nectednéss, & g. tha modal NoD, 13 16
nested within the modal Wig, 1}, where p # 0. On tha cet=thedraetic EChens

these models are "pon-hasled".

Pegarsan uees this notion to develop definiticons of “global®™ and
=partiasl® non-reetednecs. The modela are glabally non-nested when na
gtruciure of elther model can be sarblirarily closaly approzimated by &
glructure of the other model; this is & formalisstion of Cox"s (19610

notien of “separste” families of distributions. The madels arae partially

- fid =



nof-negled when some structures can Be, but ooma cannok be, &0
approximated. Tha inclusion and distance schemea have contragiing
merite; the intlusion scheme i closer to the primitive concept of
oheervat ional equivalence while the dictsmce scheme i sore closely
related Lo the technigue of test theory with its Teylor approximations.
Foar the exanples conaidered above and for all of thaose coneidered im

thie paper there 18 no appreciable difference belwesn Lhe schemes.

To tlluntrate calculations with the HLIC consider the normel regreseisn
moda ]|
¥« XB + w, u~ND, 0%} y o= Iy ¢ &, e-~~N0, 03

whigre 0 = (°, &% and E = {y", o%h.

legith*; £ Egel Yogf iy, #%) - loggdy, £3]

shaEas = (F-XB1" (p=XB) + (y=Zy}" (y=Ty}]

shal 1XB=Zy2" (XB-Ty})
If 2 = %A for come A, then for any y there will be a f (= Ay} For Which

the ELIC is zers; If X = ZB, then for any § thers will be & y for which

the ELIC i zerd.

111, Local (Firat Dearivative Theory)

For lacal theory the set of dencities must have a neighbourhood
giructure, In parametric tdentification theory, the assunption Lhet the
parameter space 18 Euclidean 1s standard. 8% 1s locally Identified LI
there 16 an open et containing #* and no obeerwatfonally equiwelent

painta. In the cade of local ldaptificstion @* is isclated from othar

abearvationally equivalent pointe.

- |% -



It is pessible to deflne local comcapts fer distinguiehabllity theory.
The saoiest way ta do this i& to assume that tha parameter spaces for Hy
and Hg ore Euclidean and use this neighbsurhood structure, Thus He and
H, ara locally indistinguishable at @' and §¥ uhan thera siist &
naighbourhoad of 89 mnd & mi;hbuurhnnd of £*, such that for aach
giructure in the neighbourhood of 8% Lhars 1 an gbasrvat ionally

aguivalent etructure In neighbourhood of {* and vice verda.

It ia possible to define the other ralationships betwesn models in &
natural way. There 18 the usual relatlonahip betwaen local and global
concepts. For instance, when ihe two nodale are the sama except that 1n
one § 1o unregtricted snd in tha othar & etrictly poaitive. The
hypotheses sre nested but, for any pasitive valus of &, thay are locally

indistingulishable

The local analyais i& concernsd with whethar obasrvationally equivalent
. paremeters @° snd 4% of overlapplng models ara isolated. The regressian
modals mre observationally equivalent when § = y = 0 and a @ = a ™ As
we have seen above, these points are lsolated or not depending on tha

relationship betuean the X matrix and tha £ matriu.

The KLIC iheary can be used to resclve local lesues, & §. g¢ is lIocally
jdentified 11f &* 1a the only solution of the Bouden equat fon in soRe
nelghbourhood of &%, However thers are aleo derivative-based crileris
Rothepbarg (1971} gave & c¢ritarion for local identiffabilitly basad on
the Fiaher information matrix, This theory I6 baced on Lha firgt
derivative of the log-likelibood. Concider whather there L& a point 8!
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