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Summary 

Gauss introduced a procedure for calculating least squares estimates and their precisions. Yule intro- 
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1 Introduction 

Since C.F. Gauss (1777-1 855) first used the method in 1795, many wonderful schemes have been 
devised for doing least squares-for theorising and for computing. I will examine a few from the 
perspective of two early ones. 

My first scheme was introduced in 1809/10 by Gauss. The process survives as Gaussian elimination 
but the associated notation has gone. That never entered the Pearson-Fisher mainstream of early 
twentieth century statistics; elsewhere it lasted and lasted-into the 1950s in textbooks of astronomy 
and geodesy. 

My second scheme was introduced nearly a century later by G.U. Yule (1 871-195 1). Yule’s interest 
was in correlation which he (1909, p. 722) saw as ‘an application to the purposes of statistical 
investigation’ of least squares. There were new quantities to calculate and a need for a better 
formalism. His notation survives-in multivariate analysis-but the process, a way of reasoning 
based on ‘product-sums of deviations’, has gone. 

Sections 2-4 treat Gauss’s scheme and 6-8 Yule’s. Section 5 treats Laplace’s elimination method 
which has features of both schemes. From a modern viewpoint the schemes are founded on triangular- 
isation and orthogonality. Sections 9-1 3 sketch the development of these notions and indicate some 
connections between the schemes and the modern matrix and vector space treatments of regression. 

This paper considers how different techniques have been used on the same least squares-or 
multiple regression-problem. It complements accounts like Stigler’s (1986, Parts1 & 3), that em- 
phasise the conceptual distance between the least squares work of Gauss and Yule, or Seal’s (1967) 
that present a growing body of results in  a uniform modern notation. Longley (1984, pp. 1-1 I )  has 
covered some of my ground but in less detail. These works-and Farebrother’s (1988) historically in- 
formed survey of computational methods-have influenced my choice of material but the anthology 
is ultimately a personal one, reflecting the accidents of my reading and background. 
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2 The Gaussian Algorithm 

I begin with the version of Gaussian elimination in nineteenth and early twentieth century text- 
books of astronomy and geodesy; this is simpler than Gauss’s own. The textbooks in English4.g.  
Chauvenet (1867, p. 530), Brunt (1917, p. 90), Smart (1958, p. 126)andRainsford(l957, p. 48)- 
followed the exposition of Gauss’s pupil Encke (1 835, pp. 264-72). These texts’ eclectic, even 
self-contradictory, way with inference is discussed by Aldrich (1997). 

To illustrate the textbook method, take the case of three unknowns. If there were no measurement 
error, the observation equations would hold exactly-with the equation for the i-th observation 
written 

a ; p  + b;q + c;r - m; = 0. 

Here a;, b; , c; and m; are measurements and so known; p ,  q and r are unknowns. 
However associated with each observation is an error of measurement ui,  

a ; p  + b;q + c;r - m; = u; .  

The least squares problem is to choose p ,  q and r to minimise 

The first order conditions for a minimum are three linear equations: 

This notation-the use of (ab) for a;b; , etc.-was introduced by Gauss in 18 1 1. He (1 801, p. 18) 
had previously used the symbol (ab) less economically: c (ab) as an abbreviation for a b  + a’b’ + 
db”+ etc. In his presentation of least squares Legendre (1 805) used the notation 1 ab for c ai b;. 

The solution process begins by solving the first equation for p ,  

(ab) (ac )  (am) p =  - -q - -r + - 
(aa) (aa) (aa) 

and then substituting this value into the second and third equations to give 

(2.3) 

The coefficient of q in the first equation is abbreviated to (bb, 1 )  where the 1 indicates that the 
first elimination has been completed. Using such “auxiliaries”, the two equations can be written 

(bb, 1)q + (bc, 1)r = (bm,  1) 

(cb, 1)q + (cc, l ) r  = ( cm,  1). 



Doing Least Squares: Perspectives from Gauss and Yule 63 

The process continues by using the first equation to eliminate q ,  giving 

which, with the formation of further auxiliaries, can be written 

(cc, 2)r = (cm, 2).  

Solving for r gives 

Given r ,  the solutions for q and p can be obtained working backwards through the (. . . , 1 )  and 
(. . . ) equations. Thus the original system (2.2) has been replaced by the triangular system 

which is solved from the bottom up by backwards substitution. 
Variants of this procedure proliferated: by 1933 Frisch & Waugh (p. 396n) were grumbling, “Most 

of the ‘new’ schemes for solving the normal equations that are developed from time to time are 
nothing but unessential modifications of the Gaussian algorithm”. Farebrother (1988) reviews many 
of the schemes, both pre- and post-1933. Legendre who first published the method of least squares 
(in 1805) saw no need for special methods. We now examine Gauss’s own scheme@); see Stewart 
(1995) for a treatment from a closely related point of view. Plackett (1972) and Stigler (1986, Part 
1 )  provide background for the discovery of least squares. 

3 Gauss’s Algorithms: 1809 and 1810 

of squared deviations, to the sum of squares 
The ancestor of the Gaussian algorithm-the details are given in Section &reduces W, the sum 

(3.1) 
P f 2  qJ2 rt2 
(]I p’ yN 

W = - + - + - + constant, 

where p’ depends on p ,  q and r, q’ depends on q and r ,  and r’ depends on r .  His followers reduced 
(2.2) but Gauss reduced (2.1) as Stewart (1995) notes. 

In his Bayesian treatment of 1809/10 Gauss specified a uniform prior for p ,  q and r ;  he made no 
inferences about the observation precision, h-he treated this problem in I8 16: With independent 
normal errors of constant precision h, the posterior density is proportional to 

e-h2W 

Maximising this density is equivalent to minimising W. Gauss used (3.1) to show that the posterior 
density of each coefficient is normal. Naturally the precisions of p ,  q and r are relative to the unknown 
value, h. In the case of r this precision is the reciprocal of y”.  

The representation ( 3 . 1 )  also underpinned the computational scheme of 1809 (pp. 266-8). The 
scheme-in matrix notation-involves introducing d: 
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d = X‘XB - X’y (3.2) 

and then solving for B to obtain, say 

@ = b + C d .  (3.3) 

Consider the right hand side terms. The intercept gives the least squares vector-corresponding to 
d = 0. The coefficient of d; in the equation for B;, c;; ,.is the reciprocal of the precision of B; . Gauss 
used (3.1) to show this. 

In 1810 Gauss founded a second computational scheme on (3. I) .  He had paid no special attention 
to the task of transforming (3.2) to (3.3). He now took the task of obtaining the least squares values, b, 
more seriously-his work on the planetoid Pallas involved six unknowns. He (1 8 10, p. 154) presented 
a new procedure, claiming “The process of solution, very tedious when the number of unknowns is 
considerable, can be simplified notably”. Referring to (3. l), he had already shown that a, B’ and y” 
are all positive. So W is a minimum when 

p’ = q’ = r’ = 0. (3.4) 

Gauss proposed solving these equations for p ,  4 and r .  But (3.4) turns out to be the system (2.5). 
It is time we considered the route from (2.1) to (3.1). 

4 The Reduction of W 

Gauss had already used the reduction in his Disquisitiones Arithmeticae (1  801, Art. 270) when 
treating the definiteness of quadratic forms. Lagrange (1759, p. 7) used it even earlier when treating 
the second order conditions in multivariate calculus; this technique for reducing a quadratic appears 
in some textbooks (e.g. BBcher 1907, p. 13 1)  as “Lagrange’s method”. 

In 1809 Gauss described the process by which a, P’, y ” ,  p ’ .  q’ and r’ are formed but, as he did 
not calculate with them, he did not give explicit expressions. I will reproduce the I809 (pp. 264-5) 
argument, inserting the explicit formulae Gauss gave in 18 10. The formulae involve auxiliaries. 

Begin by writing out W, as defined in (2. l), in the notation of 18 10: 

Gauss (p. 264) introduced p’: 

/ I d W  
2 dP 

p = -- = ( a a ) p  + (ub)q + (uc)r - (am). (4.1 ) 

In 1809 he wrote only that the expression on the right is linear in p ,  4 and r. The terms in p can 
be eliminated from W by forming W’, where 

and CY = (au ) ;  the auxiliaries were defined abovc. Gauss next introduced q‘ 
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All terms in q can be eliminated from W’ by forming W”,  where 

and B’ = (bb, 1). Finally Gauss defined r‘ and W“’ by 

, = (cc,  2)r - (cm, 2) 
1 dW” 
2 d r  

r’ = -- 
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(4.2) 

(4.3) 

and 

r‘* 

Y” 
W”’ = W” - -with y” = (cc,  2). 

Equation (3.1) follows. W”’ is the constant term in (3.1) and the posterior precision of r is y ” .  We 
now consider how Gauss used the reduction of W to justify the interpretation of C in (3.3). d has 
components P ,  Q and R where 

1 dW 1 dW 1 dW 
2 d p  ’ 2 d q  2 d r  

p = -- Q = -- and R = --. 

It can be seen from the definition of r’ that it is a linear function of P ,  Q and R with the coefficient 
of R equal to unity: so write say, 

r ‘ =  A P +  B Q +  R .  

Combining this with (4.3) yields 

(4.4) 

In (4.4) the constani term is the least squares value of r and the coefficient of R is the reciprocal of 
the posterior precision of r .  (4.4) and the analogous equations when y and q are the final variables 
make up (3.3). 

In Section I the 17-th order auxiliaries are written in terms of ( 1 1  - I)th order auxiliaries; they can 
be written in terms of auxiliaries of all lower orders. Gauss used both forms: e.g. the auxiliary (cc, 2) 
can be written in two ways: 

( rb,  I)(Oc, 1 )  

(hb, 1) 
(cc, 2 )  = (cc, 1 )  - (4.5) 

When Gauss ( I82 I ,  pp. 39-43) switched to a Gauss-Markov justification of least squares the 
reduction of W was no longer essential to his inference theory. Yet i t  remained the basis of his com- 
putational scheme-see e.&. ( I  823, p. 67). Although auxiliaries originated in a theoretical argument, 
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their fate came to be bound up with a particular computing procedure. 

5 Laplace’s Elimination Method 

Gauss devised special notation for the entities created by reduction bu the reduction itself was nc 
specialised to leas; squares. The triangularisation method in Laplace’s Thkorie Analytique (first sup- 
plement, 18 16, pp. 542-558) is so specialised for it exploits the properties of least squares residuals. 
It is based on cross-products of transformed variables instead of transformed cross-products. Fare- 
brother (pp. 66-8) discusses the method while Stigler (1986, pp. 143-57) gives a general account 
of Laplace’s work on least squares. 

Laplace has unknowns z, z’, z”, z’”, z”, zv and, indexing the observations by i ,  knowns 
p “ ) ,  q“) ,  d i ) ,  t ( ; ) ,  y “ ) ,  A(;), a(’) and residual d‘). To facilitate comparisons, I re-express his argument 
-and some later ones-in a neo-Gaussian vector notation with u,  a, 6 ,  c and m as vectors. The elim- 
ination starts from the equation defining the least squares residual vector u: 

u = up + bq + cr - m. (5.1) 

Multiply by a, use the normal equation property that (au) = 0 and rearrange: 

(ab)  (ac) (am) 
(aa)  (aa)  @ a ) ’  

p =  - -q - -r + - 
This was obtained as (2.3) above. Now define the transformed vectors 

@ a )  (ca) (ma) 
h a )  (aa) 

b l = b - a - - - ; c ~ = c - a - ; m l = m - a - .  

Substitute from (5.2) into (5.1) and use these new vectors to obtain 

(5.3) 

u = blq + c1r - ml .  (5.4) 

Multiplying by bl and using (blu) = 0 allows q to be eliminated. Following the same process of 
creating new variables leads to 

u = c2r - m2. (5.5) 

Laplace multiplied (5.1) through by a, (5.4) through by bl and (5.5) through by c2 and uses the 
properties of residuals to obtain the triangular system 

(5.6) 

The Gaussian processes of Sections 2-4 can be expressed in terms of bl and c2 instead of the 
auxiliaries since 
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etc. On making such changes the triangular system (2.5) becomes 

Such a development appears in Bienaymt’s (1 853) comparison of Cauchy’s (1 836) interpolation 
method with least squares except that the initial linear equations must cover both methods and 
Bienaymt follows Cauchy and has Ab, A2c, etc. instead of bl, c2, etc. Bienaymt (p. 12) recognised 
the relationship between his and the Gauss and Laplace schemes. Farebrother (pp. 59-66) discusses 
the method while Heyde & Seneta (1977, chapter 4) treat the complicated story of Bienaymt’s 
relations with Cauchy (and Chebyshev). 

Much later Frisch & Waugh (1933, p. 396) interpreted the transformed variables+onflating 
Gauss and Laplace-when they remarked that the Gaussian algorithm is founded on successive 
bivariate regressions with residuals as variables (for a modern textbook account see Draper & Smith 
(1966, pp. 107-1 15 & 180)). The econometricians were showing that there is no conflict between 
regression with de-trended data (least squares residuals) and regression with unadjusted data and 
time as an explicit regressor: q and r can be obtained from (5.4) or  from (5.1). Not that Frisch and 
Waugh said so-they used determinants and wrote in Yule’s notation. The trend-adjustment debate 
is reviewed by Morgan (1990, Section 5.3). 

6 Correlation: Yule’s Old System 

Yule’s “new system” of 1907 was a completely specialised system of least squares analysis. Like 
Laplace’s method, it exploits residuals but on a grander scale. Yule, however, was not interested 
in elimination and his notation was not designed to represent iterated bivariate regressions. It was 
designed to improve on Karl Pearson’s correlation notation which Yule used in his first work on the 
theory of partial and multiple correlation. For inference theory Yule relied on Pearson (1896) and 
Pearson & Filon (1 898). This corruption of Bayesian analysis is discussed by Aldrich (1997). 

Stigler (1 986, Part 3) describes Yule’s view of the relationship between least squares and correlation 
and Aldrich (1995) his interpretation of correlation. Yule (1897, pp. 832-3) based the development 
of partial correlation on a pair of lines fitted by least squares, written using deviations from the mean 

XI = h12x2 + b13x3 

x2 = b21xI + b23x3. 

Yule dejined p12, the net or partial correlation between x1 and x2 with x3 held constant, as 

PI2 = J(b12b21) (6.1) 

by analogy with the relationship between total correlation and the total regressions. The notation 
does not indicate which variable is held constant. 

Yule defined partial correlation’in terms of the least squares values 612 and 613 but he did not use 
the computational procedures from the least squares literature. He took the normal equations, 
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and saw that the quantities involved were closely related to those in Pearson’s ( 1  896) correlation 
theory. Yule rewrote the equations in terms of the (sample) correlation coefficients, r12  etc., and 
(sample) standard deviations, 01 etc.: 

These can be solved for, say, b12 

So b12 is generated from the correlations and standard deviations on the right hand side. The 
normal equations are not solved in any numerical sense; they are theoretical relationships underlying 
such constructions as (6.2). 

Using formula (6.2) for h12, the analogous formula for b 2 1  and (6.l), the definition of the partial 
correlation correlation, Yule derived the expression 

Yule knew that similar formulae could be produced for any number of variables but he (p. 836) 
recognised the “very rapid growth in the complexity of the formulae and arithmetic as the number 
of variables increases”. He discussed the case of four variables but did not give the formula relating 
p12 (with xg and x4 as the variables held constant) to the underlying simple correlations. 

7 The Calculus of Subscripts 

By 1907 Yule was satisfied he had found a way round the increasing complexity of the formulae 
as the number of variables increases. The new notation was “simple, definite and quite general, thus 
greatly facilitating the treatment of the subject” ( 1  907, p. 182). It had genuine heuristic value: “The 
majority of the results . . . were . . . first suggested by the notation itself.” 

Consider the impact of the new notation on (6.3): ,012 is replaced by the wholly “definite” r12 g and 
an extraordinary extension is “suggested”, viz. 

(7.1) 

where ~ 1 2 . 3 4 .  I I  is the partial correlation of x1 and x 2  given xg, . . . , x,, and so on. Previously such 
results had been inaccessible; in the old notation ~ 1 2 . 3 4  .., could not even be distinguished from r12.4 ...,. 

Yule introduced notation forthe quantities arising from regressions with n variablesxl, x 2 .  . . . , x,: 
e.g. b13.24 .  fI denotes the coefficient ofx3 in the regression ofxl on x 2 ,  x3. . . . , x,, ~ 1 . 2 3 . . . ~ ~  the (typical) 
residual from this regression and 0 1 . 2 3 . . . ~ ~  the standard deviation of the residuals. These are sample 
quantities though at one point Yule seems to have confused them with population quantities. Refining 
the notation t o  distinguish the two was a slow process only completed by Bartlett (1933). Yule did 
not index observations; it  can be convenient to let his XI ~ 3 . . . , ~  represent a vector. 

r 1 2  .4..., - ~ 3 . 4 . .  ,r23.4..., 
2 r12.34 ... n = 

J(l - r ? 3 . 4 . . . n ) ( 1  - r23.4...n) 
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Yule stressed notation but the accompanying theorems actually did the work. His approach was 
different from Gauss’s. Gauss found an existing sophisticated mathematical apparatus well-suited 
to least squares. Yule constructed a sophisticated specialised structure using only elementary math- 
ematical apparatus. His calculus of subscripts exploits the properties of product-sums of deviations 
(residuals), which are close relatives of Laplace’s r2(y2. 

The first theorem involves rewriting the normal equations as 

The subscripts before the stop are “primary” subscripts and those after are “secondary” subscripts. 
The “order” of the residualldeviation is the number of secondary subscripts; a quantity such as x2 

is a “deviation of order zero”. Thefirst theorem states: “The product-sum of any deviation of order 
zero with any deviation of higher order is zero, provided the subscript of the former occur amongst 
the secondary subscripts of the latter.” 

The second theorem is, “the product-sum of any two deviations of the same order, with the same 
secondary suffixes, is unaltered by omitting any or all of the secondary subscripts of either and, 
conversely, the product-sum of any deviation of order‘ p with a deviation of order p + q , the p 
subscripts being the same in each case, is unaltered by adding to the secondary subscripts of the 
former any or all of the q additional subscripts of the latter”. 

Similarly 

C ~ 1 . 3  ... n ~ 2 . 3  ... n-1 = C ~ 1 . 3 . . . n x 2  

and so on. Therefore, quite generally, 

C ~ 1 . 3 . . . n ~ 2 . 3 . . . n  = C ~ l 3 . . . n ~ 2 . 3 . . . , i - I  = . ’ . =i C x l . 3 .  . n x 2 .  

The third theorem, that “the product-sum of any two deviations is zero if all the subscripts of the 
one are contained among the secondary subscripts of the other”, comes from combining the first and 
second theorems. 

The system is rigorous, and apart from Theorem I ,  self-contained. It is also very formal; Yule had 
no real interest in deviations and the theorems simply register patterns in subscripts. The reader of 
the Introduction ( 19 1 I ,  p. 235) is told “The theorems . . . are ot’lundamental importance, and should 
be carefully remembered”. The modern reader can try to understand them as well. 

8 Yule’s New Results 

Yule considered his first result of theoretical significance only; i t  characterises the multiple regres- 
sion coefficient 1712 3.  as the simple regression coefficient o f x ~  3 on ~ 2 . 3 . . . , ~ :  

The proof is a typical application of the second and third theorems: 
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Yule (p. 185) remarked on (8.1), “Such a relation would not, of,course, afford a practical method 
of calculating the partial coefficients, as the arithmetic would be extremely lengthy”. Yet it is a cousin 
of (2.4): for a full triangle, (cf. (2.5)) repeat the argument with x 3  A . . . ~ , .  . . and x, instead of ~ 2 . 3  ...,. 

For Yule, the result (8.1) was significant for the interpretation of partial correlation. He combined 
the new characterisation of b 1 2 . 3 . . . ,  and the corresponding one for b21.3...,, with the old definition of 
partial correlation 

to produce 

The partial correlation of XI and x 2  holding x 3 ,  . . . , x,  constant is the total correlation of the 
residuals ~ 1 . 3 . . . ,  and ~ 2 . 3 . . . ,  . By characterising partial correlation as an “actual correlation between 
determinate variables” Yule could extend properties of total correlations to partial correlations. 

Curiously Yule did not use (8.2) to redefine partial correlation, though it is a better match to the 
idea of partial correlation as correlation after allowing for other factors. (8.2) was also more fruitful: 
it was the basis for Fisher’s work on the distribution of the partial correlation coefficient-see Section 
10 below. Today (8.2) is standard, although (6.3) had a good long run. 

Yule established numerous formulae relating statistics-standard deviations, correlations and 
regression coefficients-of different orders modelled on relation (7. I ) .  These recursive formulae were 
a vent for Yule’s post-discovery euphoria but they also had a role in computation. Yule went from the 
total coefficients (zero order coefficients) for all pairs of variables to increasingly complicated partial 
coefficients. Yule’s scheme, unlike elimination, was not directed at a single multiple regression: the 
preliminary regressions and correlations were of interest too. However his computational scheme 
did not survive; later correlationists used elimination. 

Yule’s formulae appear in other formalisms, as devices to save re-doing all the calculations when 
regressors are added or removed. Goedseels (1902) and Wright & Hayford (1906, p. 117) treat such 
problems using Gaussian elimination while Fisher (1938) and Cochran (1938) directly manipulate the 
normal equations. More recently matrix methods have been used: Lovell(l963) provided a synthesis 
for the age of stepwise regression. The different formalisms never became totally alien-there were 
always some bilingualists-yet it was easier to work in the home formalism than to go into another 
to search for what-if anything-had been done there and translate back. 

Yule did not call his paper “Some Properties of Least Squares Residuals with Applications to the 
Theory of Correlation.’’ If he had, it might have had some impact on least squares theory. However 
developments in correlation seem to have had little reaction back on the least squares formalism- 
even in the work of the same person. Fisher worked in both fields and used geometric methods 
in correlation and algebraic methods in least squares-see Sections 10 and 11 below. However 
correlation refreshed the topic of least squares by increasing enormously its range of applications; 
correlation also influenced the way least squares was exp0unded-e.g. by starting with simple 
regression instead of with the mean and by using scatter diagrams for visualising the procedure. 
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9 Orthogonalisation 

Yule started with the properties of product-sums of residuals. Modern formalisms start further 
back: with the residuals or with the operations that convert variables into residuals. In this and later 
sections we consider the relationship between the modern formalisms and the schemes described 
above. 

Two of Yule’s theorems can be read as expressing the orthogonality properties of certain residual 
vectors. Laplace’s method also exploits the orthogonality of the residual vector to the vectors created 
in the process of elimination. Moreover those vectors a ,  b l ,  c2 etc. given by 

are mutually orthogonal. 
The construction (9.1) is usually called the “modified Gram-Schmidt orthogonalisation proce- 

dure”. Farebrother (pp. 66-8) prefers the name Laplace orthogonalisation procedure. Yet, though 
Laplace described a process by which orthogonal vectors are generated, he did not recognise their 
orthogonality. A triangular system can be obtained by noting this property and the simple form the 
normal equations take when the regressors are orthogonal. Rewrite (6.1) expressing a ,  b and c in 
terms of the orthogonal components a ,  bl and c2 to obtain orthogonal regressors: 

v = a p + b q + c r - m  

This way of writing u generates a triangular system of normal equations. The system becomes 
(5.6) on noting that (blm) = (blml)  and (c2m) = (c2m2). 

Systematic attention to orthogonal regressors seems. to have begun with Chebyshev’s work on 
polynomial regressors. Expressed in my neo-Gaussian notation, Chebyshev (1 858)  developed m in 
terms of orthogonal regressors as 

m = ako + blkl + c2k2 + . . . 
and obtained k:! as ( ~ C ~ ) / ( C Z C ~ )  etc. However in the later paper on least squares computations he 
(1 859, pp. 482-98) found the k’s from the equations 

(am)  = ko(aa) 
(bm) = ko(ba) + kl(bb1) 
( cm)  = ko(ca) + kl(cb1) + ~ ~ ( c c z )  

using the orthogonality of a to bl ,  c2, . . . and that of b to c2, . . . etc. Chebyshev’s method of 
contructing the orthogonal polynomials based on a second order recursion-see Seal (p. 9)-does 
not seem to have had much general impact. Aitken (1933) and Romanovsky (1925) replaced it by 
the Schmidt method. 

Like procedure (9. I) ,  the Schmidt .( 1908, p. 61) method is based on bivariate regression but each 
vector is expressed not in terms of deviations of the next lowest order but of deviations of all lower 
orders. Thus the vector c2 is given by 
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(ca) 
b l  - - c 2 = c - -  

( C b l )  

( b i b ] )  

The two ways of expressing higher order deviations correspond to the two ways of writing higher 
order auxiliaries given in (4.5) and (4.6) above. Schmidt did not refer to Laplace or Gauss and of 
course the notation used is mine. 

There is an orthogonalisation procedure implicit in Yule, the formation of the deviations XI,  x 2 . 1  

and ~ 3 . 1 2 .  These multiple regression constructions can be related to bivariate processes using Yule’s 
single result on deviations, as distinct from product-sums of deviations. This result conformed to the 
pattern that any equation between correlations, regressions and standard deviations “holds good for 
all secondary subscripts” (cf. (6.3) & (7.1)). Yule (p. 190) showed that the expression defining the 
deviation 

X 1 . 2  ... n = X I  - b 1 2 . 3  ... n X 2  - . . . - 6 1 1 1 . 2 3  ... n - 1 x 1 1  

can be extended, by adding secondary subscripts, to 

X 1 . 2  ... kn = X 1 . k  - 6 1 2 . 3  ... knX2.k - ’ . ’ - b 1 n . 2 3  ... k ( n - 1 ) X n . k  

where k is any subscript or collection of subscripts. 
Yule gave no use for this result but it can be used to justify the sequence, 

(9.2) 

(9.3) 

X I ;  x 2 . 1  = x 2  - b 2 . 1 ~ 1 ;  X 3 . 1 2  = X 3 . l  - b 3 2 . 1 X 2 . 1 ;  etc. (9.4) 

For by (9.3) the expression for ~ 3 . 1 2  can be established from the definition of the first-order 
deviation 

by adding the secondary subscript,l. The vectors can be put in modified Gram-Schmidt form by 
noting that by (8.2) the multiple regression coefficient 6 3 2  1 can be obtained by regressing xg.1 on 
x 2 . 1 .  

Yule’s notation was not designed around the repeated bivariate regressions of the Laplace scheme 
but around all possible multiple regressions involving a set of variables. However Yule’s multiple 
regression residuals in (9.4) equal the residuals in (9. I ) constructed by repeated bivariate regressions. 

10 Geometry: Trigonometry and Hilbert Space Theory 

Orthogonality is an essential ingredient of the modern geometric conception of regression theory. 
Although there was earlier work, e.g. Bose ( 1  944), that conception only became fixed in the 1960s 
with the importation of a geometric system of linear algebra. Before then the interpretation of 
observations on variables as points had been used but in a different way. Herr (1980) discusses some 
of the material treated here and in Section 13 below. 

R.A. Fisher ( 1  890-1962) used geometry throughout his work on distribution theory but his treat- 
ment of correlation is of most interest here. In his paper on the exact distribution of the correlation 
coefficient he (1915, p. 509) wrote, “The five quantities [associated with the bivariate normal] have 
. . . an exceedingly beautiful interpretation in generalised space.” The n observations on a pair of 
variables can be represented by two points P and Q in n-dimensional space and the correlation 
coefficient interpreted as the cosine of the angle between 0 P and 0 Q .  Later Fisher (1  924, p. 330) 
observed that when there is a third vector corresponding to point R,  the partial correlation of the 
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original vectors is the “cosine of the angle between the projections of 0 P and 0 Q upon the region 
perpendicular to OR”. This is a geometric interpretation of residuals and of (8.2) above. It also 
realises the abstract projection analysis from Hilbert space theory of Section 13 below. 

Using these interpretations Fisher showed that the partial correlation based on n pairs of ob- 
servations has the same distribution as the total correlation based on (n - 1) pairs. He first noted 
that in the case of total correlation the effect of deleting the first pair of observations is to project 
everything on to a “region at right angles to one of the axes of coordinates”. He then argued that 
by choosing new coordinates 0 R can be made to lie along an axis. This orthogonal transformation 
leaves angles unaffected and so the distribution of the angle defining the partial correlation must be 
the same as that defining total correlation in the case of (n - 1) observations. The insight reduced the 
distribution of the partial correlation to a trivial variation on that of the total correlation-something 
of a self-annihilating insight. 

The treatise on the trigonometry of correlation that Pearson (1916, p. 237) thought “greatly to be 
desired” never materialised. Kendall’s (1961) Course in the Geometry of n Dimensions is a partial 
offering but it appeared just as a new approach was taking off. This drew on the Hilbert space theory 
developed in the early part of the century and assembled by Stone (1932): Birkhoff & Kreysig (1984) 
and Dieudonn6 ( 1  98 1)  discuss the development. The “projections” that invaded least squares in the 
1960s (see Section 13) owed more to Stone (pp. 70-5) and his idempotent operators than to Fisher. 

Halmos’s influential Finite Dimensional Vector Spaces (1942, p. i) starts from the observation 
that the “seemingly separate” Hilbert space theory and elementary matrix theory are “intimately 
associated”, are actually different ways of doing the same thing. The implications of this situatior. for 
regression theory were only worked out on any scale in the 1960s, when the matrix formalism was 
dominant. Kruskal (1961, p. 435) argued that the vector space approach “permits a simpler, more 
general, more elegant, and more direct treatment of the general theory of linear estimation than do 
its notational competitors”. 

Long before Kruskal, Wold (1938, p. 76) had observed that “the multiple regression theory founded 
and developed by the English statistical school . . . can be interpreted as a particular branch of theory 
of approximations in general linear spaces”. Wold’s work led on to Kolmogorov’s (1939) treatment 
of least squares extrapolation of stationary sequences in Hilbert space. However, though this work 
was known to some statisticians, it was not the vehicle by which the Hilbert space paradigm entered 
statistical regression analysis. 

An even earlier “non-vehicle” was Schmidt’s paper referred to above, which was one of the 
main sources of the new geometry. It treats the space of square-summable sequences, the prototype 
Hilbert space 1 2 ,  using geometric ideas on orthogonality, Pythagoras’ theorem, etc. Schmidt’s paper 
was part of the Hilbert school’s project on the theory of integral equations-see Kline (pp. 1052-75). 
Nevertheless Schmidt ( 1908) referred to Gram’s work on least squares (Section 1 1 below) and gave 
one least squares result: he (pp. 64-5) used Pythagoras’s theorem to show that the combination 

I 1  

of the orthonormal vectors ( B t , ( x ) )  gives a better approximation to an arbitrary point D ( x )  than 
any other linear combination of the same vectors. The notation, ( A ;  B) for c, A ( x ) B ( x ) ,  which 
became standard in Hilbert space theory for expressing ‘such’ quantities seems to have descended 
from Gauss but Gauss did not conceive of A and B as cntities in their own right. 

The geometric formulation of least squares and the use of Pythagoras’s theorem for obtaining the 
normal equations-or proving Yule’s first theorem--only became common in statistics much later. 
However it seems to be implicit in Bartlett’s (1934, p. 329) derivation of the normal equations. 

Statisticians took up Schmidt’s orthogonalisation process more readily than the accompanying 
geometry. When Wold put Yule and Schmidt together in the context of the linear approximation 
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of random variables he drew on Kowalewski (1909) for orthogonalisation and on Kendall’s (1937) 
updating of Yule’s Introduction: determinants provided the common framework. 

11 Algebra: Determinants and Matrices 

In the late nineteenth and early twentieth centuries determinants had a central role in treating 
the linear equations and quadratic forms of applied mathematics, including least squares. By the 
mid-twentieth century matrices had taken over. Matrices were introduced by Cayley in the 1850s, 
when the long ascendancy of determinants in least squares work was only beginning: Cayley him- 
self contributed a method of evaluating the constant of proportionality of the multivariate normal 
distribution to Todhunter’s (1 865) determinant based analysis. According to Hawkins (1977, p. 83), 
the theories of determinants and matrices were both “outgrowths” of Gauss’s work-his work on 
number theory. Kline (1972, ch. 33) outlines the relevant history. 

Gram (1 883) used determinants in developing a procedure for constructing orthogonal regressors. 
His (pp. 43-5) procedure for constructing orthogonal regressors ( 0 1 ,  @2, . . . , afl from the regressors 
XI, x2, . . . , x, is based on the construction of least squares ‘predictors’ with y ( k )  based on regressors 
XI, XZ, . . . , Xk.  Gram then exploits the identity 

(11.1) 

Gram used elementary determinant theory4ramer’s rule and expansion by alien co-factors-to 
show that the terms on the right are orthogonal. They are proportional to the orthogonal functions 
@ I ,  Qz,. . . , afl given by 

I f l l  P I 2  . . . f I .k - IX1  I 

I fk l fk2  . . . fk ,k - lXkl  

The a’s are not formed recursively-they are multiple regression quantities-but Schmidt saw 
that they are proportional to the vectors generated by his own process. Gram referred to Chebyshev 
for the simple form of the regression coefficients associated with the a’s. Dieudonnt (1981, p. 60) 
places Gram’s work in the history of functional analysis.. 

Determinants were used in other important work on least squares and correlation-including 
Pearson (1896), Fisher (1922), Frisch & Waugh (1933) and David & Neyman (1938). Yule did not 
use them but Pearson (1916) went on to obtain Yule’s results by “direct determinantal analysis”, a task 
that required new results on determinants. Determinants were frequently brought to the assistance 
of the least squares argument but they never carried it, unlike Yule’s product-sums or-later- 
projections. 

The use of matrices could unify,many of the disparate themes in least squares analysis. Matrices 
could support determinants and accommodate such processes as elimination and projection. Argu- 
ments based on manipulating sets of linear equations seem easier to grasp when reduced to rules of 
matrix algebra. So arguments from earlier writers-from Gauss especially-were given a new life. 

The worth of matrices was realised by several writers independently. Bartlett was one of them 
but the most influential was A.C. Aitken (1895-1967), an algebraist who worked on orthogonal 
polynomials and the numerical solution of linear equations; he also wrote the widely-used textbook 
Determinants and Matrices (1939). Whittaker & Bartlett (1968) review his life and work. 

The treatise by Turnbull & Aitken (1932) used least squares to illustrate the utility of matrices. 
This was a new departure; their only reference was to Frisch’s (1929) study of the correlation matrix. 
By vector differentiation of the sum of squared deviations, they obtained the normal equations and 
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then 

b = (X’X)-’X’y. (11.2) 

I have modernised their notation; they considered least squares as a method of solving the incon- 
sistent equations, Ax = h. The familiar use of X and y only became established around 1950-see 
Durbin & Watson (1950) and Kempthorne (1952) writing from different corners of the regression 
universe-and could be described as Fisher in matrices. 

More than anybody, Fisher was responsible for the creation of modem regression analysis. His 
innovations beginning in the 1920s-conditioning on covariates, t-  and F-tests, analysis of variance 
and theory of experimental design-are beyond the scope of this paper. I will only consider his 
influence on the formalism. In Statistical Methods Fisher (1925, pp. 130-7) set up multiple regression 
with the expected value of y (the dependent variable), denoted by Y, related to the values of the x’s 
(the independent variables): 

Y = 61x1 + 6 2 x 2  + 6 3 x 3  (11.3) 

where the variables are measured from their means. The notation is even simpler than early Yule 
(Section 6 above) for Fisher, like Gauss and Laplace, was primarily interested in a single multiple 
regression equation. (1 1.3) is something of a notational lapse for Fisher as it was under his influence 
that the use of different symbols for the population regression coefficients and the estimates became 
mandatory; earlier sections of this paper have followed the looser custom of earlier ages. For the 
emphasis on the need to distinguish between “statistics” and “parameters”-Fisher’s terms-see 
Aldrich (1997). 

Sometimes Fisher used arguments that almost beg to be put into matrices. After writing the 
normal equations, he (1925, p. 131) added “It frequently happens that, for the same set of values of 
the independent variates, it is desired to examine the regressions for more than one set of values of 
the dependent variates.” So it is best to solve once and for all the sets of equations: 

blS(xf) + h S ( X I X 2 )  + b J S ( X I X 3 )  = 1,0 ,0  
61S(x2x1) + k?S(x,2) + b 3 S ( x 2 X 3 )  = 0, 1 ,o  
bIS(xJx1) + b2S(X3X2)  + b3S(X$)  = o,o, 1. 

Fisher denoted the solution of these equations by C I I ,  c 1 2 ,  . . . , c33.  He then described how the 
regression coefficients are calculated when the y values are specified. Fish.er described the calculations 
quite clearly but he did not explain why they work. Put into matrices the method of solving the normal 
equations is less mysterious: it is based on combining 

c = (X’x)-’ and b = CX’y 

to form (1 1.2). In later editions of the Methods (e.g. 1938, p.168) Fisher referred to the “c-matrix” 
or covariance matrix; it had been known since Gauss (1821) that the sampling variance of b; is 
proportional to c;;. Some Fisherians+.g. Yates & Hale (1 939)-referred to the “reciprocal matrix” 
but they did not manipulate matrices. Fisher’s computational procedure was criticised by Deming 
( 1943, p. 2 18) on grounds of numerical instability, “The use of the reciprocal matrix as a multiplier is 
in theory very fascinating, but as a practical matter in curve fitting we should not wax too enthusiastic 
about it.” 

Returning to Aitken, his best-known piece (1935) treated a version of-what came to be called- 
the “Gauss-Markov theorem”. He was concerned with extending a result from the actuarial literature 
on fitting time polynomials. The theorem became the focus of a lively contest between formalisms. 
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Lidstone (1933, p. 155) was puzzled that two minimisation processes with “completely different 
logical bases” led to identical results-something Sheppard (1912) had shown in the course of a 
“very heavy algebraical investigation”. So Lidstone gave another proof, a “rather simple application” 
of orthogonal polynomials. Aitken (1935, p. 42) pursued the problem, declaring that “to attain full 
generality with adequate compactness we shall employ the notation of matrices and vectors”. Aitken 
assumes only that X has full rank. 

Aitken proved his theorem by an easy application of a “simple but very useful” matrix lemma 
on constrained minimisation, proved using Lagrange multipliers. David & Neyman (1938, p. 105) 
judged Aitken’s paper “remarkably clear and elegant” but found it worthwhile to present a result 
using reasoning of a “more elementary character”-reasoning based on determinants. They saw their 
work as an “extension” of a neglected Markov theorem on least squares. 

Plackett (1949) pointed out that all the results were variations on a neglected result of Gauss 
( 1  821); Aitken and Bose had gone beyond Gauss by considering an arbitrary error covariance matrix 
and less than full rank X respectively. Gauss’s proof was clear and elegant and elementary: it did 
not even use multipliers.’Plackett put Gauss into matrices and modern textbooks usually give ‘their’ 
argument. Durbin & Kendall (1951), like Lidstone, were puzzled that two apparently unrelated 
problems should have the same solution; they gave a geometric explanation based on the duality of 
lines and points. 

12 Triangular Matrices: Gauss and Yule 

Aitken’s paper demonstrated the power of matrices in obtaining new--or what seemed to be new- 
results. Matrices were also used to re-present old arguments. Since the 1940s Gaussian elimination 
has been presented in terms of matrices. Dwyer (1944) presented the process of Section 2 in terms 
of factorising a positive definite matrix; he (1951, p. 109) reported later that Banachiewicz had seen 
the relevance of matrix factorisation somewhat earlier. Dwyer (1944, p. 88) showed that the matrix, 
A say, can be written as 

A = S’D-’S (12.1) 

where D is diagonal and S triangular. Dwyer used (12.1) to motivate a new least squares algorithm. 
However Cholesky-see BenGit (1924) had already proposed the algorithm, but without any matrix 
argument. The factorisation is often called after him-see Horn & Johnson (1985, pp. 1 14 & 407)- 
though it is just as implicit in Gauss’s reduction of W. To make the translation from (12.1) to (3.1), 
write W in terms of a matrix A 

Dwyer did not use the Gaussian symbols but a system of subscripts resembling Yule’s with 
u33, a33 I and u33 12 etc., though here the order of the secondary subscripts reflects the order in which 
variables are eliminated. It seems that Dwyer rediscovered Yule’s calculus for he (1941, p. 458) 
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wrote “the notation . . . is very useful in providing an easy development of various theorems in 
multiple and partial correlation studies”. 

Turnbull and Aitken showed how the Schmidt process can be presented as a matrix theorem show- 
ing the interplay of orthogonality and triangularity. The Yulean version of their matrix factorisation 
theorem is: 

1 4 2 1  4 3 1 . 2  

(xI.x2.19x3.12) = (xI,x2,x3) [:i A -?.I] ( 1  2.2) 

where X I ,  ~ 2 . 1 ,  ~ 3 . 1 2  are orthogonal vectors. (1 2.2) combines the definition of the residuals XI,  x2.1 and 
~ 3 . 1 2  and the implication of Yule’s Theorem 2 that they are orthogonal. The orthogonal decomposition 
of (XI, x2, xg) can be obtained by inverting the triangular matrix. From this (12.1) may be obtained. 

13 Projections and Subscripts 

Matrix factorisation is the modern way of presenting Gaussian elimination. There is no modern 
way of presenting Yule’s calculus of subscripts for it has not survived. However some features of the 
calculus can be re-created using the idempotency properties of the residual-creating transformations. 

Aitken ( 1  935) introduced these idempotent matrices when he digressed to give a “simple proof 
of a classical result”. Gauss (1821, pp. 77-9) had shown-in modern terms-that the residual sum 
of squares divided by the number of degrees of freedom is an unbiased estimator of u2. Aitken’s 
(pp. 43-4) proof starts by showing that the matrices, written in the usual notation, 

X(X’X)-’X’ and I - X(X’X)-’X’ 

are symmetric and idempotent. The first converts crude data into “graduated” values, the second into 
residuals. Aitken’s proof turns on showing that the trace of the second matrix equals the number of 
degrees of freedom. 

Aitken (1945) continued to study such linear transformations. One new result (p. 143)-I have al- 
tered his notation again-was that for any matrix X with linearly independent columns and submatrix 
XI made up of the first kl of these columns 

xI(x;x,)-~x; . x(x’x)-’x’ = x,(x;x,)-Lx;. 
The proof takes off from the identity (1  I .  1) and puts Gram into reverse: the incremental contribu- 

tions are orthogonal because they can be expressed in terms of orthogonalised regressors. 
Aitken’s illustration is that the estimates are the same whether we fit a cubic to crude data or 

fit a cubic to graduated values obtained from first fitting a quintic. A more vital concern with the 
components of ( 1  I .  1) and in idempotent matrices generally came from the analysis of variance. 
Quadratic forms in normal variables and their independence were established as a major topic by 
Cochran ( 1  934). Craig (I 943) brought idempotent matrices into play. 

In the terms of the ‘finitised’ Hilbert space scheme, Aitken’s results concern projections-see e.g. 
the textbooks by Seber (1977, p. 396) or Davidson 6t MacKinnon (1993, pp. 9-1 I ) .  The notion that 
least squares is all about projections was the key to the construction of a least squares theory that 
tied together estimation and test theory. However this theory, unlike Yule’s collection of mysterious 
rules, belonged to mainstream mathematics. 

The projection counterparts of Aitken’s results are (roughly) as follows. Let P be the operator that 
projects on to the X space and PI that which projects on to the X1 space, a subspace of the X space; 
the complementary projections are M and MI . The relevant results (see Seber (1977, p. 396) are 
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P2 = P and M2 = M  
P I P = P ~  and MMI = M .  

The proofs given are much more direct than those based on manipulating the corresponding matrix 

Yule’s theorems from Section 7 can be re-stated and proved using idempotent matrices/projections. 
expressions-Aitken’s ‘graduating’ matrices. 

His first theorem states that the residual vector My is orthogonal to the regressor vectors, i.e. 

J‘MX = 0. 

The second and third theorems follow immediately from the results on iterated projections applied 
to the projections, M and MI . The second theorem states 

and the third theorem is a special case of the result 

X‘,M2My = X’,My = 0 

where M2 is associated with X2 , a submatrix of X. 
Yule’s results in Section 8 can be given the same treatment. Thus Davidson & MacKinnon (pp. 19- 

24) present a generalisation of (8.1) with (9.3) as the “Frisch-Waugh-Love11 theorem”-viz. that in 
the regression of y on XI and X2, 

y = X,b, + X2b2 + e, 

b2 can be calculated using residuals from the regressions of y and X2 on XI : 

b2 = (X;M,MlX2)-’X;MlMly. 

The name recognises Lovell’s (1963) extensions to the work of Frisch & Waugh (1933)-above 
Section 5-but Laplace and Yule could also be recognised. 

The modern technique does much more than Yule’s. It even shows what is going on, including the 
creation of patterns in Yule’s subscripts. Yet there is a loss. Yule’s elaborate notation makes visible 
the kinship between 

b2 is similarly related to the estimate of the regression of y on X2 viz., 

but the simplified modern notation does nothing to declare the kinship. 

14 Discussion 

I have described how some least squares schemes came to be developed. Rather than summarise 
the account, I will close with some general points about ways of doing least squares. I emphasise 
again the limited coverage of my review. The caveat applies especially to work on the relationships 
between the schemes. Every one is surely well understood ‘somewhere’-some appear as exercises 
in Dempster (1969). However to trace the growth of that understanding would be quite a task. 
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The relationship between different methods of least squares has a logical and a historical dimension. 
It is clear that-to paraphrase Halmos-“seemingly separate” approaches, based on such devices as 
auxiliaries, product-sums of deviations and projections must be “intimately associated”. This is not 
to say that there was any simple historical connection. The broadening and deepening apparent in 
the sequence of devices was not the result of a desire to improve on the methods of an earlier ‘stage’. 
The relationship between Yule and Gauss is typical: Yule took Gauss’s normal equations-not the 
auxiliaries, which I do not think he knew about-and built his system of product-sums around them. 

The “seemingly separate” approaches were designed for different jobs but there was duplication 
of results-some are described in Section 8. This duplication was unplanned and easily missed. 
There was also deliberate duplication, as in the Gauss-Markov work described in Section 1 1. Here 
the association is in history as well as in logic: the innovation was promoted as a better way of doing 
the old job and as a way of doing jobs the old methods could not do. 

Effectiveness was not the only criterion: “simplicity”, “generality”, “suggestiveness”, “beauty”, 
“elegance”, “compactness”, “elementariness” and “directness” have been mentioned. The application 
of these criteria was not straightforward and could be disputed. There were disagreements about 
rigour. Pearson (1916, p. 235) distrusted Yule’s methods: the proof of (6.1) “seemed to be based on 
some appeal to general analogy”. Fisher’s geometric proofs were distrusted; his results were only 
fixed in ‘history’ when they had been established analytically. Bartlett, in conversation with Olkin 
(1989), has some interesting observations on this point-see also Anderson (1996). 

Changes in least squares theorising usually followed changes in the branch of pure mathematics 
in which least squares was ‘embedded’: quadratic forms and linear equations. Yule’s new system 
is the grand exception. Gauss and Yule represent extremes in ways of doing least squares. Gauss 
met all the theoretical and computational requirements of least squares (as of 1809/10) by adapting 
an existing piece of sophisticated mathematics. Yule used elementary mathematical arguments to 
build a sophisticated system. The system is specialised or ad hoc, according to taste. Other authors 
developed specialised structures within a sophisticated mathematical environment or made modest 
additions to the mathematical apparatus to make it better adapted to the least squares argument. 
However the additions were never on the scale of those stimulated by the needs of, say, mechanics 
in earlier centuries: they did not constitute whole new branches of mathematics. 
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RCsumC 
Gauss a present6 une iiiethode pour obtenir Ics estiinations de la inethode des moindres c a d s  et leurs prticisions. Yule a 

presente un nouveau systiine de la notation adapte h I’analyse de la correlation. Cette etude decrit ces notations et les compare 
avec les notations du calcul inatricien et de I’rspace vectoriel que on einploie en I’analyse moderne de la regression. 
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